A Z-set unknotting theorem for Nobeling spaces 

Michael Levin 



Abstract 

We prove a Z-set unknotting theorem for Nobeling spaces. This generaUzes a 
result obtained by S. Ageev for a restricted class of Z-sets. The theorem is proved 
for a certain model of Nobeling spaces. 
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1 Introduction 

All spaces are assumed to be separable metrizable. A manifold means a manifold with 
(possibly empty) boundary and a triangulated space means a locally finite simplicial com- 
plex which we identify with the underlying space. For a triangulated space we consider 
only triangulations compatible with the PL-structure of the space. All triangulated man- 
ifolds are assumed to be combinatorial. 

A complete n-dimensional metric space X is said to be an n-dimensional Nobeling 
space if the following properties are satisfied: 

(i) X is an absolute extensor in dimension n, that is every map / : A — > X from a 
closed subset A of a space Y of dim < n extends over Y; 

(ii) every map / : Y — > X from a complete metric space Y of dim < n can be 
arbitrarily closely approximated by a closed embedding, that is for every open cover U of 
X there is a closed embedding g : Y — > X which is U-dose to / (W-close means that for 
every y eY there is an element of W that contains both f{y) and g{y))- 

Examples of Nobeling spaces can be constructed as follows. 

By a rational map between triangulated spaces we mean a PL-map that sends points 
with rational barycentric coordinates to points with rational barycentric coordinates. Two 
triangulations of a space are said to be rationally equivalent if the identity map is a rational 
map with respect to these triangulations (it is easy to see that if a PL-homeomorphism 
is rational in one direction then it is rational in the opposite direction as well). Let M 
be a triangulated space. Every triangulation of M which is rationally equivalent to the 
given triangulation of M is said to be a rational triangulation and the class of all rational 
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triangulations is said to be the rational structure of M . Denote by M{k) the subspace of 
M which is the complement of the union of all the triangulated spaces of dim < k which 
are rationally embedded in M. 

The space Ad(k) admits the following interpretation. Fix a rational triangulation of 
M and embed M in the Hilbert space H by an embedding which sends the vertices to 
points with rational coordinates and which is linear on every simplex of the triangulation. 
A /c-dimensional plane in H is said to be rational if it is spanned by A; + 1 points with 
rational coordinates. Denote by K the union of all rational /c-dimensional planes. Then 
M{k) = M\K. Indeed, for every simplex A of M and every rational /c-dimensional plane 
L, A n L admits a triangulation for which it is rationally embedded in M and therefore 
M{k) G M \ K . Now let e : A' — > M be a rational embedding of a simplex A' of 
dim < k. Then there is a (not necessarily rational) triangulation T of A' such that e is 
linear on every simplex of T. Since every A" e T with dim A" = dim A' has a dense 
subset of points with rational barycentric coordinates with respect to A' we conclude that 
e(A") is contained in a /c-dimensional rational plane in H. Thus e(A') C K and hence 
M{k) = M\K. 

Let us state the following important fact leaving its proof to the reader. 

Theorem 1.1 Let M he a triangulated m- dimensional manifold, let k > he an integer 
and let n = m — k — 1. If M is {n — 1) -connected and m > 2n + 1 then M{k) is an 
n-dimensional Ndbeling space. 

A space M{k) satisfying the assumptions of Theorem 1.2 will be called a Nobeling 
space modeled on a triangulated manifold. 

A subset A of a space X is called a Z-set if A is closed in X and the identity map of X 
can be arbitrarily closely approximated by a map / : X — )• X with f{X) r\A — ^. Note 
that if X is an n-dimensional Nobeling space modeled on a manifold M and A G X is a 
Z-set in X then X \ A is also an ra-dimensional Nobeling space modeled on the manifold 
N — M\ the closure of A in M (the rational structure of is defined such that the 
inclusion is a rational map). 

The main result of this paper is 

Theorem 1.2 Let Xi and X2 be n-dimensional Ndbeling spaces and let Ai and A^ be 
Z-sets in Xi and X2 respectively such that Xi \ Ai and X2 \ A2 are homeomorphic to 
n-dimensional Nobeling spaces modeled on triangulated manifolds. If Ai and A2 are 
homeomorphic then any homeomorphism between Ai and A2 can be extended to a home- 
omorphism between Xi and X2. 

Theorem 1.2 was proved by Agccv [1] under some additional restrictions on the sets 
Ai and A2. The proof of Theorem 1.2 is self-contained and relics only on well-known 
facts of PL-topology [4, 7], Nobeling spaces [3] and elementary properties of partitions 
presented in the very beginning of [2]. Some ideas of the proof of Theorem 1.2 came from 
[5]. 

The results of this paper along with some additional arguments can be applied to 
validate the characterization theorem for Nobeling saying that any two Nobeling spaces 
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of the same dimension are homeomorphic. A proof of the characterization theorem will 
be presented in a forthcoming paper. Note that the characterization theorem implies that 
the assumptions on the complements Xi\A-i and X2\A2 in Theorem 1.2 are automatically 
satisfied and therefore can be be dropped. 

Let us finally mention that both a Z-set unknotting theorem and the characteriza- 
tion theorem for Nobeling spaces were also announced by A. Nagorko at International 
Conference on Geometric Topology, July 2005, Bedlewo, Poland. 

2 Preliminaries 
2.1 General 

Let M be a triangulated manifold. The geometric interior IntM of M is the set of points 
having a neighborhood PL-homeomorphic to an Euclidean space of dimension=dim M. 
The set dM — M \ IntM is the geometric boundary of M. 

A triangulated space (manifold) PL-embedded in M is said to be a PL-subspace (PL- 
submanifold) of M. An open subset of a triangulated space is always considered with the 
induced PL-structure for which the inclusion is a PL-map. Note that an open subset of a 
PL-sudmanifold of M is also a PL-submanifold of M. 

A subset P of M is said to be a PL-subcomplex of M if there is a triangulation of M 
for which P is a subcomplcx. A subset i? of M is said to be a PL-presented subset of M 
if there are closed subsets Ri d ■ ■ ■ d Rn oi M such that R^ = R, Ri is a PL-subcomplex 
of M and Ri+i \ i?i is a PL-subcomplex of M \ Ri, i = 1, . . . , n — 1. 

A collection V of subsets of M is said to be a decomposition of M if P is a locally finite 
cover of M and the elements of V are PL-subcomplexes of M. By a finite intersection of 
a decomposition V wc mean an intersection of finitely many elements of V (the elements 
of V are also considered as finite intersections). Note that since V is locally finite, any 
non-empty intersection of elements of V must be a finite intersection of V. It is clear that 
for a PL-submanifold of M, the restriction V\N = {P (1 N : P e V} oi V to N is & 
decomposition of A^. 

A decomposition P of M is said to be a partition of M if each finite intersection of 
P is a PL-manifold, the geometric interiors of any two non-equal finite intersections are 
disjoint and for every non-empty finite intersection P = Pq n ... H Pt oi distinct elements 
Po,...,Pt e V, dimP = dimM-t. 

A decomposition P of M is said to be a partition on a PL-submanifold A" of M if T'l A" 
is a partition of A^ (in this case we also say that V forms a partition on. N or V restricted 
to A^ is a partition). 

A subset P of M is said to be /-co-connected, / > 0, if P is (dimP — /)-connected (we 
assume that P is Z-co-connected for every I > dimP + 1). A partition V is said to be 
Z-co-connected if every finite intersection of V is Z-co-connected. 

A map / : X — > M is said to be in general position with a triangulation of M if for 
every simplex A of the triangulation dim/~^(A) < dimX + dim A — dimM. Every map 
from X io M can be arbitrarily closely approximated by a general position map. Moreover, 
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let F be closed in X and a map / : X — > M restricted to F be in general position. Then 
/ can be arbitrarily closely approximated by a general position map g : X — > M such 
that g coincides with f on F and g{X \ F) C IntM. A map / : X — )• M is said 
to be in general position with a decomposition of M if it is in general position with a 
triangulation underlying this decomposition (a triangulation of M for which the elements 
of the decomposition arc subcomplexes). 

By an n-dimensional cube 5" we mean a set of the form i?" = {{xi, ...,Xn) '■ —Ti < 
Xi < ri,ri > 0, i — 1, ...,n} in the Euchdean space i?". Thus we always assume that the 
origin O is at the center of i?". Considering the product x B'^ of two cubes we identify 
B^ and fi™ with B'^ x O and O x 5™- respectively. 

Let A and B be collections of subsets of a set X and \ci C <Z X. We denote st(C, A) = 
U{A : A e ^, A n C 7^ 0} and st(^, B) = {st(yl, B):Ae A}. 

2.2 Elementary properties of partitions 

If P is a partition of a triangulated manifold M then V\V is a partition of V for every 
open V C M. Let P be a decomposition of a triangulated manifold M and let V be an 
open cover M such that V\V is a partition of V for every V &V then is a partition of 
M. 

Assume that M is a triangulated space. One can show that M x (0, 1) or M x [0, 1) 
is a PL-manifold if and only if Af is a PL-manifold. This implies that for a triangulated 
manifold iV, the product M x is a PL-manifold if and only if M is a PL-manifold. 
Thus if M and N are triangulated manifolds and is a decomposition of M then the 
decomposition V x N — {P x N : P & V} is a partition of M x A" if and only if is a 
partition of M. 

The following properties arc proved in [2] for compact manifolds however their proof 
also applies for the non-compact case. 

Let V he a partition of a triangulated manifold M, let V — U{Vi : i — 1,2,...} 
be a splitting of V into disjoint subfamilies Vi and let Qi = U{P : P G Vi}. Then 
Q = {Qi,Q2, ■ ■ ■} is a partition of M (see 1.1.5 of [2]). In particular, any union of 
elements of a partition is a PL-manifold. 

Let V he a. partition of a triangulated manifold M. Then for every finite intersection 
P oiV, PndM cdP (see 1.1.9 of [2]). 

Let M be an m-dimensional triangulated manifold, V a partition of M and Q a 
decomposition of M such that for every finite intersection P of V, Q\P is a partition of 
P. Then Q is a partition of M (see 1.1.11 of [2]). In particular, if M = Mi U M2 is 
a decomposition of M into two m-dimensional PL-submanifolds Mi and M2 such that 
A" = Ml n M2 is an (m — 1) -dimensional PL-submanifold of both dMi and dM2 and, 
Q is a decomposition of M such that Q|Mi, Q\M2 and Q|A^ are partitions then Q is a 
partition of M. 
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2.3 A Matching of partitions 

Let Vi and V2 be partitions of triangulated manifolds Mi and M2 respectively. A one-to- 
one correspondence /i : Vi — > V2 is said to be a matching of Vi and V2 if it induces a 
one-to-one correspondence between non-empty intersections. This means that for every 
finite intersection P — PqH ■ ■ ■ H Pt ol distinct elements Pq, Pt £ 'Pi, l^{P) = l^{Po) H 
. . . n //(Pt) = if and only if P = 0. 

Assume that fi : Vi — > V2 is a matching of partitions Vi and V2 such that V2 is 
/-co-connected. Let P be a closed subset of X such that dimX < rrii — l + l, rrii = dimMj 
i = 1,2, and let fi : F — > Mi be maps such that fi^{P) = f2^{l^{P)) for every finite 
intersection P olVi- Assume that a map /( : X — > Mi extends /i such that f[ is in 
general position with Vi. Then there is a map : X — > M2 such that /2 extends /2 and 
ifi)~^iP) — (/2)^^(/^(-P)) f*^^ every finite intersection P of Vi. 

The required extension of /2 can be constructed by induction on the co-dimension 
t = 1712, 1^2 — 1, m2 — 2, . . . , of the intersections of V2- Assume that we already extended 
/2 to on Xt —the union of the preimages of all the intersections of V2 of dim < 7712 — t 
such that /2 on Xf satisfies the required properties and let an intersection P of V2 be of 
dim = 7712 —t + 1. Then for Xp = (/{)^^(/i^^(P)), dimXp < dimX + dim fi~^{P) — mi = 
dimX + dimP — 1712- Since P is (dimP — /)-conncctcd and dimP — / > dimP — 1712 + 
dimX — 1 > dimXp — 1, /2 restricted to Xp fl X^ can be extended over Xp such that 
f^{Xp\Xt)cIntP. 

Thus we can extend /2 to a map with the required properties. This extension will 
be called a transfer of the extension f[ via the matching fi. 

Assume that fi : Vi — > P2 is a matching of partitions on manifolds Mi and M2 
respectively such that Vi is /j-co-connected and mi — h = m2 — h where rui = dim Mj. 
Let n <mi — li and let Pi C Pi be subsets of Mi such that Pi, P{ are unions of elements 
of Vi and the inclusion Pi C P/ induces the zero-homomorphism of the homotopy groups 
in dim < n. Then the inclusion P2 = A*(Pi) C P2' = /^{Pi) also induces the zero- 
homomorphism of the homotopy groups in dim < n. Indeed, take a map /2 : 5*^ — > P2, 
p < n from a p-dimensional sphere into P2. Since P2 is a manifold we can homotope 
/2 inside P2 to a general position map. Thus we assume that /2 is a general position 
map and transfer this map via the matching // to /i : — > Pi. Extend fi to a general 
position map f[ : B^^^ — > P[ of an {p + l)-dimensional ball B^^^ such that = dB'^^^ 
and once again transfer this extension to an extension : B^^^ — > P2 of f2- Thus /2 is 
nuU-homotopic in P2. 

2.4 A black hole modification 

Let B'^, P™^^, P™^^ and P™ = P^ x p™"? be cubes with the dimensions indicated by the 
superscripts such that p™-'? is contained in IntP™"*^ and the centers of p™-'? and P"*~* 
coincide (recall that we assume that the centers of the cubes are located at O and we 
identify P« and P"'-^ with the subsets P« x O and O x P"*-« of P"* respectively). Denote 
T^Bix {B'^-i \ IntPr"^) and S = dB'^-i. Note that is an (m - g - 1) -dimensional 
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sphere in dT and T is a subset of i?™ which is PL-homeomorphic to the product B'^^^ x S 
where S is identified with O x S. 

Assume that is PL-embedded in IntM of a triangulated m-dimensional manifold 
M. Denote L = M \ IntT and assume that Fl is a PL-subcomplex of L and Vl is a 
decomposition of L such that S <Z and Vl restricted to L\ F^ and to dT \ F^ are 
partitions. 

Fix a triangulation T of M that underlies S, F^ and the elements of Vl and denote by 
A the collection of subcomplexes of L with respect to this triangulation. We are going to 
extend each A in ^ to a PL-subcomplex A C oi M such that the following conditions 

are satisfied: 

Vl = {PE '■ Pl £ Vl} is a decomposition of M which forms a partition on M \ F^; 

FE n L = Fl and VI restricted to L\Fl coincides with Vl restricted to L\Fl; 

the correspondence between Vl and Vl defined by Pl — PI induces a matching of 
partitions when Vl and Vl arc restricted to L\Fl and M \ F^ respectively; 

for every intersection = fl ■ ■ ■ Pl of elements P^, . . . , Pl of Vl, Pl \ Pl ~ 
{{PlY n ■ ■ ■ n {PlY) \ Fl and Pl XFlis a (strong) deformation retract of PE\Fl; 

dim{Fl nT)\S< dim(PL ndT)\S + l; 

and finally Fl ^ S if Fl ^ S. 

Note that T \ S can be represented as the product {dT \ S) x [0, 1) where dT \ S 
corresponds to {dT \ S) x 0. One of the ways to construct is to find a retraction 
TT : T\S — > dT \ S which is topologically equivalent to the projection of {dT \S) x [0, 1) 
to {dT \S) xO such that for A'^ defined hy A^ ^ A if A D dT ^ d) and A^ ^ Au S Li 
7r~^{A n dT) otherwise we have that A^ is a PL-subcomplex of M for every A e A. Such 
a retraction vr can be constructed however the author could not find an elementary and 
direct argument for this. Therefore for the sake of elementariness (and at expense of a 
geometric transparency) we adopt a slightly different approach for constructing A'" which 
is presented in 4.1. Note that all the properties of VI and Fl that will be used in the 
sequel are described above. Thus for understanding the rest of the paper the reader may 
assume that the construction is carried out on base of an appropriate retraction vr. 

We will call the decomposition VI a black hole modification of Vl with the sphere S 
as the black hole of the modification. 

2.5 Improving connectivity of an intersection 

Assume that m > 2g + 1 and I = m — q + 2, M is a triangulated m-dimensional {q — 1)- 
connected (=(/ — l)-co-connected) manifold and P is a PL-subcomplex of M lying in IntM. 
Let P be a decomposition of M which forms an Z-co-connected partition onU — M\F and 
let P = PoflPifl- ■ -nPi, < t < m — l-\-l be an intersection of distinct elements Pq, ■ ■ ■ ,Pt 
oiV such that PCiU 7^ 0. Then PnU is an (m — t)-dimensional and (g — t — 2)-connected 
(= /-co-connected) manifold. 

Assume that the intersections of V\U of dimension> m — t are (/ — l)-co-connected. 
Let us show how to improve the connectivity of P fl C/ preserving the level of connectivity 
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of the rest of the intersections. 

Let / : Sp — > liat{PnU) be a PL-embedding of a triangulated {q — t— 1) -dimensional 
sphere Sp such that / is not nuU-homotopic in P nU. 

Consider a t-dimensional simplex A with vertices V{A) = {vq, ...,Vt}. Let A' be a 
(sub)simplcx of A lying in dA and let V{A') C V"(A) be the set of vertices of A'. Denote 
P{A') = n{P, : V, G V{A)\V{A')}. Note that P(0) = P and P(A') C P{A") if A' C A". 

For every simplex A' of dA we will define by induction on dim A' a PL-embedding 
/a' : Sp*A' — ^ P(A') n [/ such that /a" extends /a' if A' c A". Set = / and we 
are done for t = 0. Let t > 0. Take a simplex A' of dim = i-|-l<t — 1 and assume 
that /a' is defined for all A' of dim < i. Then the maps /a" for A" C dA' define the 
corresponding PL-embedding /^a' : Sp * dA' — ^ d{P{A') fl U). Note that Sp * dA' 
is a {q — t + i)-dimensional sphere and P(A') n U is {m — t + i + 2)-dimensional and 
{q — t + i + l)-connected (=(/ — l)-co-connected) and dim(P(A') OU) ~m — t + i + 2> 
2q + l-t + i + 2 >2{q-t + i + l) + l + (t-i-2)>2{q-t + i + l) + l since m>2q + l and 
t -i - 2 > 0. Then /qa' can be extended to a PL-embedding /a' : Sp*A' — > P(A') n U 
such that /a' sends lnt(S'p * A') to lnt(P(A') n U). 

The maps /a' define the PL-embedding /^a ofSp*dA to Int((PoU...UPt)nt/). Identify 
the {q — l)-dimensional sphere S'^~^ — Sp * dA with its image under /qa and, by 4.2, 
extend the embedding of S"*"^ to a PL-embedding of a g-dimensional cube P^ such that 
5*^-1 = 9P'' and the embedding of P^ extends to a PL-embedding of an m-dimensional 
cubeP™ = P^xP™-" C IntM having the following properties: P'nP™ = (P^nP') xP™"*? 
for every P' G P n P™ = (P« n P) x P'"-^; P restricted to n P and ^P™ n U are 
partitions where N — M \ IntP"* and for every finite intersection P' of V such that 
P' n P 7^ we have that P' n n P 7^ and P' n n P is a deformation retract 
of (P' n P) \ IntP''. Note that for every finite intersection P' of V that intersects U, 
(dim(P'nP)-(/-l) + l) + (7 + l = dim(P'nP)-m + 2g + l < dim(P'nP) and therefore 
the inclusion (P'nP)\lntP^ C P'flP induces an isomorphism of the homotopy groups in 
dim < dim(P'nP)-(/-l) (= in co-dimensions >l-l). Also note that since FddBi = 
we have P n 9P"* = (P n IntP«) x dB'^-i and therefore dim P n 9P"* < dim P - 1. 

Let P^~^ be a cube lying in the geometric interior of P™^~^ such that the centers of 
P^-« and P™-^ coincide and (9P« x P™"" C lnt((Po U ■ ■ ■ U P*) n P). 

Use the notations of 2.4. Define Fl = (AT n P) U 5 where S = dB'"-'^. Consider P^ as 
the join O * dB'^ where O is the center of P* and define a decomposition Vl of L as the 
collection of the sets Vl = {Pl : P' G P} where P[ = P'nA^ if P' e and P' Pq, . . . , Pt 
and P| = (P' n AT) U ((O * (P' n (9P'?)) x B^-i) for P' = Pi, < i < t. Note that Vl 
restricted to A^ coincides with V restricted to A^. It is easy to see that Vl restricted to 
Bi X P^-«, aP^ X (P™-9 \ IntP^-^), aP^ X P^-«, P« X aPf"^ and dB^ x 5P:"-« are 
partitions. Then, by 2.2, Vl is a partition on P \ (A^ n P) and dT\(Nr\ F) and hence 
Vl is a partition on L\Fl and dT\FL. For a finite intersection P' = Pq fl ••• n Pj of 
P^, . . . , Pj e P such that P' n P 7^ denote P[ = (P^)^ n • • • n (Pj)^. 

Now apply the black hole modification to Vl and Fl with S as the black hole of the 
modification. Note that since S lies in dN then, by 2.2, for every finite intersection P' of P, 
P'nPnA^n-S C 9(P'nPnA^) and hence the inclusion (P'nPnA^)\,S C P'nPnA^ induces 
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an isomorphism of the homotopy groups in all dimensions. Recall that f{Sp) C PClU (IN. 
By 2.4 and the construction of Vl one can easily verify that for every finite intersection 
P' of V such that such that P' n C/ 7^ and P P', (P' n C/ n A^) \ is a deformation 
retract of (P^)"^ \ P^ and for the intersection P the inclusion of (P fl C/ fl A^) \ into 
PI \ F1 induces an isomorphism of the homotopy groups in dimensions < q — t—1 and an 
epimorphism in dim = q — t—1 such that the clement of the homotopy group represented 
by the map / is in the kernel of this epimorphism. 

Thus for every intersection P' of V such that P'dU 7^ the connectivity oi {P^y\Fl 
fits the connectivity of P' \ P for P' ^ P and we contributed toward improving the 
connectivity of P \ P in its modification PI \ F1. 

Denote F"" = Fl, {P'f = {P'^Y for a finite intersection P' of V and let = 
{{P'Y : P' G V} = P£. It is easy to see that the one-to-one correspondence between 

V and Vl defined by P' — > {P')l,P' G V becomes a matching of partitions when 

V and Vl are restricted to M \ P and L \ Fl respectively. Then by 2.4 the one-to- 
one correspondence between V and V^ defined by P' — > {P'Y,P' G V becomes a 
matching of partitions when V and are restricted to M \ P and M \ F'^ respectively. 
Note that F'^ C IntM and because dim(P fl dB'"'-) < dimP — 1 we have dimP'^ < 
max{dim S, dim P} = max{m — g — 1, dim P}. 

Finally note that even if P = we have P'^ = S and we improve the connectivity of P 
at expense of an "irregular" behavior of on the black hole S, in particular, we create 
additional intersections of V^ on S and the elements of V^ are no longer manifolds in M. 

2.6 A discretization of maps' images 

Assume that M be a triangulated manifold such that dim M >2r + 1 and U is an open 

cover of M. 

Let JF be countable collection of maps / : S^' — > M from a triangulated r-dimensional 
sphere S'^. Then there is a PL-subcomplex P of M of dim < r lying in IntM such that 
every map / in ^ admits a W-close approximation /' : — > Int Af \ R such that /' is a 
PL-embedding and the images of the maps in JF' = {/':/ G J-"} form a discrete family in 
M \R. Moreover, given a decomposition V of M, the set R in can be chosen so that R 
is nowhere dense on the finite intersections of V, that is the intersection of R with every 
finite intersection of V is nowhere dense in that intersection. 

Indeed, arrange J-' into a sequence = {/i,/2,...} and take a sufficiently small 
triangulation T of M such that T underlies V. Approximate each /j : S^~^ — > M by 
a map f-' : S'^ — > M such that f-'iS^) is contained in R' =the r-skeleton of T. Fix 
a metric d on M and approximate each /" by an PL-embedding : S'' — > M such 
that /f (^O n P - 0, d{fl"{S'^),R') < 1/i and /f (5^ n /f (^^ = for i ^ j. Then 
the sets fl"{S'^),i = 1,2... form a discrete family in M \ R'. Now take a PL-embedding 
g : M — > M such that g{M) is a PL-subcomplex of M, g{M) C IntM, the restriction of 
g to R' is in general position with T and g is close to the identity map of M. It is clear 
that the construction can be carried out such that fl = go f-" is W-close to /j. Then the 
maps // and the set R — g{R') will have the required properties. 
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In a similar way one can show that if is a countable collection of maps / : B^' — > M 
from a triangulated r-dimensional ball such that for every / in JF, / restricted to dB^ 
is a PL-embedding and the images of the maps in {f\dB^ '■ f £ ^} form a discrete family 
in M then there is a PL-subcomplex i? of M of dim < r lying in IntM such that every map 
/ in admits a W-close approximation /' : B^' — > M\R such that /' is a PL-cmbcdding, 
f'ldB^ = f\dB^, /'(Int-B'') C IntAf and the images of the maps in JF' = {/' : / G JF} form 
a discrete family in M \ i?. Moreover, given a decomposition V of M, the set R in can 
be chosen so that R is nowhere dense on the finite intersections of V. 

Note that if M is (r — l)-connected and i? is a closed PL-presented subset of M of 
dim < r then M' = M \ R is {r — l)-connected. In addition, if P is a decomposition of 
M which is an /-co-connected partition on an open subset U of M with / > r + 2 and 
R is nowhere dense on the finite intersections of V then V' = {P \ i? : P G V} is a 
decomposition of M' which is an Z-co-connected partition on U' — U \ R and the one-to- 
one correspondence between V and V' defined by P — > P\R, P & V induces a matching 
of partitions when V and V are restricted to U and U' respectively (the assumption that 
R is nowhere dense on the finite intersections of V is needed to guarantee that for every 
finite intersection P of P, (P n t/) \ P 7^ provided PnU ^^). 

2.7 Improving connectivity of intersections simultaneously 

Adopt the notations and the assumptions of 2.5. We are going to show how to improve 
simultaneously the connectivity of all the intersections of V\U of dim = m — t to (/ — 1)- 
co-connectivity. 

For an intersection P of V with dim P (lU = m — t choose a countable collection J^p 
of PL-embeddings / : Sp — > Int(P fl U) from a {q — t — l)-dimensional sphere Sp that 
generate the {q — t— l)-dimensional homotopy group of PClU. Since P is a PL-subcomplex 
of M we may assume that the images of the maps in J-'p lie outside a neighborhood of 
P. Then by 2.6 one can find a PL-subcomplex Rp of M such that Rp C Int(P fl U) and 
dim Pp < q — t — 1 and assume that the images of the embeddings in J^p are contained 
in Int((P n f/) \ Pp) and form a discrete family in M \ Pp. 

Recall that in 2.5 the elements of V that form the intersection P are enumerated 
according to the vertices of a sample simplex A = {vq, . . . , Vt} (we fix such enumeration 
arbitrarily and independently for every intersection P of V with dimP nU — m — t). 
Following 2.5 and using 2.6 we can define for every A' C A a set Pp and collections 
of maps J^0' = {/a' : / G J^p} and = {/^a' : f e Tp} such that Rf C P^' if 

A" C A', Rp is a closed subset of M lying in P(A') fl U, the images of the maps of 
J-'p are contained in Gp = (P(A') H U) \ Rp and form a discrete family in M \ Pp , 
and P^' \ Rp^' is a PL-subcomplex of M \ Pf,^' lying in (P(A') nU)\ R%^' such that 
dimP^' \ Pf,^' < g - t + dim A' where Pf,^' = U{R^" : A" C (9A'}. Here we assume 
that A' = is a simplex of A and Tp — Tp and P^ — Rp and we also assume that 
P(A) = M. 

Denote by T^^ and P^^ the union of Tp^ and Rp" respectively over all the intersec- 
tions PofV with dimP fl C/ — m — t. In order to carry out the construction described 



9 



above such that R^^ will be a closed PL-presented subset of M and the images of the 
maps in JF^^ will form a discrete family in M \ R^^, we need to take into account that 
the same intersection P' of V with dim P' nU > m — t can be involved in many (even 
countably many) intersections of dim = m — t. It can be done as follows. For a finite 
intersection P' of V with dimP' Ci U > m — t denote by Rgp', Rp', J^ap' and jFp/ the 
union of Rf^', R^', J^l^' and respectively over all finite intersections P of V such 
that dim PnU = m-t and A' C dA such that P( A') = P' and, let Gp> = {P' nU)\ Rp>. 
It is obvious that if dimP' flC/ — m — t -\- 1 then Rgpi is closed in M, the images 
of the maps in Tqp' arc contained in d{P' r\U) \ Rop' and form a discrete family in 
M \Rgp'. Now assume that the last properties hold for a finite intersection P' of V with 
dimP' nU > m — t. Then applying 2.6 to all the maps of J-'dp' we can enlarge Rdp' to a 
closed subset Rp' of M contained in P' nU and find extensions jFp/ of the maps in JFgp/ 
such that dimPp/ < dim(P' n C/) - / + 1 = dim(P' nU) + q - m - 1, Rp' \ Rgp> is a 
PL-subcomplex of M \ Rqp', the images of the extensions J^p/ of the maps in J-'dp! arc 
contained in Gp' and form a discrete family in M \Rpi. Thus we can define Pp = Rp/ 
for every finite intersection P of V with dimP fl f/ = m — t and A' C 9A such that 
P(A') = P'. Then proceeding by induction on dim P' nU we construct for every inter- 
section P of V with dim P nU — m — t and A' C dA the collection of maps J^0' and 
the set Rp' such that R^^ is a closed PL-presented subset of M contained in U such that 
dimP'^^ < q — 1 and the images of the maps in JF^^ are contained in (M H f/) \ P^"^ and 
form a discrete family in M \ R^'^. From the construction it is clear that R^^ is nowhere 
dense on the finite intersections of V. 

By 2.6 the set P^^ can be enlarged to a closed PL- presented subset R of M and each 
map fdA ■ Si-'^ — > M\ R^^ in JT^^ can be extended to a map f'^ : Pi — > M\R such 
that dim P < g, P is nowhere dense on the finite intersections of V and the images of the 
maps form a discrete family in M \ P. Hence for every /qa G JF*^^ there is an open 
subset Q{fdA) of M\R containing the image of /qa such that Q = {Q{fdA) '■ foA G J-'^'^} 
is a discrete family in M \ P and /qa is nuU-homotopic in Q{fdA)- Then by 4.2 the black 
hole modification used in 2.5 and involving fg^ can be carried out inside Q{fdA)- 

Note that since P is a PL-presented set of dim < q and m > 2g+ 1 then for every finite 
intersection PofV that intersects U we have that the inclusion [PnU)\R C PClU induces 
an isomorphism of the homotopy groups in dim < dim(P n t/) — (/ — 1) (=co- dimensions 
>l-l). 

Thus after removing P from M, F and the elements of V the black hole modification 
2.4 used in 2.5 can be applied independently for every map in JF^^ in order to modify V 
to a decomposition V' of M' = M \ R and P to a set F' such that V =the result of all 
the modifications and P'=the result of all the modifications F'^. Then it is easy to 
derive from 2.5 that F' is a PL-subcomplex of M' of dim < max{m — q — 1, dimP} lying 
in IntM', V' is a partition on M' \ F' and for every intersection PofV with P OU 7^ 0, 
P is modified to P' (= the result of all the modifications P'^) such that P' fl (M' \ F') is 
Z-co-connected and P' fl (M' \ P') is (/ — l)-co-connected if dimP (1 U > m — t. 

Note that the natural one-to-one correspondence between V and V' defined by sending 
P e to its modification P' e V' turns into a matching of partitions when V and V' are 
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restricted to M \ F and M' \ F' . 

It is clear that the images of the maps in JT*^^ are contained in the elements of st('P, V). 
Assume that st{V,V) refines an open cover W of M such that for every A e st{V,V) 
there is G W such that A G W and the inchision of A into W induces the zero- 
homomorphism of the homotopy groups in dim < g — 1. By 2.6 the collection Q can be 
chosen so that Q refines W. Then it is easy to see that V refines st(>V, W). 

2.8 Improving the total connectivity of a partition 

Let M be a triangulated {q — l)-connectcd m-dimensional manifold with m > 2g + 1 and 
let / = m — g + 2. Assume that F is a PL-subcomplex of M lying in IntM and V is a 
decomposition of M such that dim F < m — q and V is an Z-co-connected partition on 
U^M\F. 

Apply 2.7 to improve the connectivity of the elements of V\U to the (/ — l)-conncctivity, 
again apply 2.7 to the modified decomposition to improve the connectivity of the inter- 
sections of dim = m — 1 (of the modified decomposition restricted to the complement 
of the modified F) to the (/ — 1) -connectivity and thus proceed on the dimension of the 
intersections > / — 1 until we modify M to an open subset M' C M, to a decomposition 
V' of M' and F to a PL-subcomplcx F' of M' lying in IntM' such that M \ M' is a closed 
PL-presented subset of M, dim(M \ M') < q, dimF' < max{m — g — 1, dimF} < m — q, 
V' is an (/ — l)-co-conncctcd partition on U' = M'\F' and V admits a natural one-to-one 
correspondence to V' which sends each element of V to its modification in V' and which 
becomes a matching of partitions when V and V' are restricted to U and U' respectively. 

2.9 Absorbing simplexes 

Let M be a triangulated {q — l)-connected m-dimensional manifold with 'm>2q + l and 
let I — m — q + 1. Assume that F is a PL-subcomplex of M lying in IntM such that 

U = M \ F is /-co-connected and dim F < ni — q and assume that P is a decomposition 
of M such that V is an /-co-connected partition on U. Fix a triangulation T of M for 
which F is a subcomplex and let F' be the {m — q — l)-skeleton of F. We will show 
how to modify M to an open subset M' C M and P to a decomposition V' of M' such 
that M \ M' is a PL-subcomplex of M of dim < q, V restricted to U' ^ M' \ F' is an 
Z-co-connected partition and V admits a natural one-to-one correspondence to V' which 
becomes a matching of partitions when V and V' restricted to U and U' respectively. 

Assume that the triangulation T that we fixed in M is the second barycentric subdi- 
vision of a triangulation for which F and the elements of V are subcomplexes. Let Tp be 
the collection of all (m — g)-dimensional simplexes lying in F, Sa the hnk of A e 7^ with 
respect to T, Q = the union of Int(A* ^a) for all A in 7p and = M \ (QUF). Then for 
every A G 7p the link of A is an (g— l)-dimensional sphere lying in IntM, for different 
simplexes Ai and A2 in Tp the joins Ai * Sai and A2 * Sa2 do not intersect on U, for every 
finite intersection P oiV that intersects U and for every A G 7p, (P fl ^7) \ Int(A * ^a) is 
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a deformation retract oi PCiU. Note that is a manifold which is a deformation retract 
of U and therefore N is /-co-connccted. 

Fix A e Tp and let an open subset Va of N be such that S'^~^ — Sa C Va and 
the inclusion of S'^'^ into Va is null-homotopic in Va- Then by 4.3 there are an element 
Pa e V and a PL-cmbcdding of a cube 5™ = 5« x E™-* into IntM such that B"" C 
(A * ^a) U Va, A = X 5"-" = F f] B"", P f] B"" = {P f] B^) x for every P G 

X C IntPA, P restricted to (M \ IntP™) n U and dB"' n arc partitions and, 

(P \ IntP"*) n [/ is a deformation retract of (P \ IntP^) fl C/ for every finite intersection 
P of P. 

Let us briefly describe the general idea of the construction in 4.3. The inclusion of 
S'^~^ can be extended to a PL-cmbedding of a g-dimensional cube B'^ into Va such that 
5'^"-'" = 9B'^ and the embedding of P^ extends to a PL-embedding of an m-dimensional 
cube B^ = Blx P^"" into Va such that dB^ x P^"« C P^ n (9( A * ^a) and P n P^ = 
(P n P|) X P^-« for every P e 7^. Let Pa G be such that Int(PA n P|) ^ 
and let a g'-dimensional cube cr# be PL-embedded in Int(PA n P|t)- Then the cube 
B"" = (A*,SA)U((P|\IntcT#)xP|"'') can be represented as the product P'" = P«xP"*-« 
with the required properties. See 4.3 for details. 

Let P™~'^ be a cube lying in the geometric interior of P™"''. Use the notations of 2.4. 
Define Fl^F\ IntP'", Pl = P \ IntP"^ if P 7^ Pa and PeV, (Pa)l = (^a \ IntP"^) U 
(P« x P^-^) and define Vl ^ {Pl ■■ P e V}. Then = 9P"^-« ^ dA G Fl and it 
is easy to see that is an /-co-connected partition on L\ Fl and Vl is a partition on 
dT \ Fl- Now apply the black hole modification with the black hole S = dA and denote 

^ pjr^ = PI ior P eV and P^ = {P^ : P e P} = P£. Note that P^^ = Fl since 
FndB'^ — dA. Then P"^ is a decomposition of M which is an Z-co-connected partition on 
the manifold M\F'^ — {M \ P) U Int A in which we have absorbed the geometric interior 
of A in the modification of Pa. Note that the one-to-one correspondence between P and 
Vl defined by P — > Pl, P E V becomes a matching of partitions when P and Vl are 
restricted to M \ P and L\Fl respectively. Then by 2.4 the one-to-one correspondence 
between P and defined by P — P^, P e V becomes a matching of partitions when 
P and are restricted to M \ P and M \ F'^ respectively. 

Note that each Sa can be contracted to a point in N outside some neighborhood 
of F in M. Then by 2.6 there is a PL-subcomplex R of M contained in IntA^ and 
nowhere dense on the finite intersections of P with dim R < q such that the collection 
V of the sets Va, A e Tp can be chosen to be discrete in N \ R. Then replacing M 
by M' — M \ R and removing R the elements of P we can perform all the black hole 
modifications independently for all A G Tp and get from all the modifications the 
corresponding decomposition P' of M' with the required properties. It is clear that the 
natural one-to-one correspondence between P and V' defined by sending each element 
of P to its modification becomes a matching of partitions when the decompositions are 
restricted to M \ P and M' \ F'. 

Let W be an open cover of M such that st(P, P) refines W and assume that for every 
Sa, a E Tp there is Wa G W such that Sa C Wa and Sa can be contracted to a point 
in Wa H A^. Then the collection V can be chosen so that V refines W and this implies 



12 



that V refines st(>V,>V). 



2.10 Improving connectivity via a matching 

Let Afj be an /j-co-connectcd triangulated manifolds such that = dimMj > 2(mj — 
li) + 3, i = 1, 2 and mi — li = 1712 — h- Suppose that Vi and V2 are partitions of Mi 
and M2 respectively such that there is a matching between Vi and P2, and Vi is /i -co- 
connected. We will show how to modify M2 to M2 and V2 to V2 such that is an 
open /2-co-connected submanifold of M2, M2 \ is a PL-presented closed subset of M2, 
dim(M2\M2) < ^2 — 2 and V'2 is an /2-co-connectcd partition of which admits a natural 
matching to V2 defined by sending each element of V2 to its modification in 7^2- 

By 2.8 modify M2 to C M2, V2 to and construct a subset F° of such that 
M2 \ is a PL-subcomplex of M2, dim(M2 \ M^)) < 1, F° is a PL-subcomplex of M^, 
dimF° < 1712 — 2, is a decomposition of M2 such that V2 restricted to M2 \ is an 
m2-co-connected partition that admits a matching to V2 and therefore to Vi. 

Now assume that for <t < m2 — 12 we have constructed A'/|*, 7^1* and F^* such that 
that M2 \ Mf is a PL-presented closed subset of M2, dim(M2 \Mf ) < t + 1, F^* is a 
PL-subcomplex of M|*, dimF^* < 777.2 — t — 2, "^1* ^ decomposition of M|* such that 
P|* restricted to M|* \ F^* is an (m2 — t)-co-connected partition that admits a matching 
to V2 and therefore to Vi. Proceed to t -|- 1 as follows. 

By 2.8 modify Mf to M|*+i C M|*, Vf to F^* to F^^+i such that Mf \ M|*+^ 

is a PL-subcomplex of M|*, dim(M|* \ M|*+^) < t + 2, F^'+i is a PL-subcomplex of 
M|*+\ dimF2*+i < ^2 - i - 2, 7^1*+^ is a decomposition of M|*+\ 7^1*+^ restricted to 
]\^^t+i y ^2t+i jg g^j^ j^^^ — t — l)-co-connected partition that admits a matching to 7^1* 
restricted to M|* \ F^* and therefore to 7^2 and Vi . 

Then since Vi is /i-co-connected on the /i-co-connected manifold Mi we conclude by 
2.3 that M|*+^ \ F2*+i is {7712 - t - l)-co-connected. Therefore, by 2.9, M|*+\ F^'+i and 
7^1*+^ can be modified to M|*+^ F2*+2 and 7^1*+^ respectively such that M|*+2 c M|*+\ 
Af|^+^ \ M|*+2 is a PL-subcomplex of M|*+\ dim(M|*+^ \ M|*+^) < t + 2, F'^*+^ is a 
PL-subcomplex of M|*+^ dimF^* < ^2 - t-3, 7^|*+^ is a decomposition of M|*+^ 
restricted to M|*+2\F2*+2 is an (m2 — t — l)-co-connected partition that admits a matching 
to 7^1*+^ restricted M|*+^ \ F^'+i and therefore to 7^2 and Vi. 

Then for t ^ m2 - ^ Mf \ F^* and 7^2 = ^2* restricted to M^ will have the 

required properties (note that 7772 — ^2 + 1 < ^2 — 2 and therefore dim(M2 \ M2) < I2 — 2). 

2.11 Moving to a rational position 

Let M be a triangulated manifold with the rational structure determined by a trian- 
gulation T (see Introduction). The PL- notions defined in 2.1 can be translated to the 
corresponding rational notions by referring to the rationsl structure instead of the PL- 
structure. For example, P C M is a rational subspace if P C M is rationally embedded 
in M, P is a rational subcomplex if there is a rational triangulation of M for which P 
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is a subcomplex, P is a rational decomposition of M if the elements of V are rational 
sub complexes and so on. 

Assume that T' is a (not necessarily rational) triangulation of M. We will show that 
the identity map of M can be arbitrarily closely approximated by a PL-homeomorphism 
/ : M — > M such that for very A' G T', /(A') is a rational subcomplex of M . 

Embed Af into a Hilbert space by a map which is Hncar on every simplex of T and refer 
to this Hilbert space when properties of linearity are used. Let T" be a triangulation of M 
such that T" is a subdivision of both T and T', and the simplexes of T" are hnear. Every 
vertex v of T" approximate by a rational point (= a point with rational barycentric 
coordinates with respect to T) such that for every simplex A of T, G A if and only 
if w G A. The approximation of the vertices of T" can be extended to the PL-map 
/ : M — > M sending each vertex v of T" to p^ such that / is linear on each simplex 
of T" . If py is sufficiently close to v for every vertex v G T" then the map / is a PL- 
homeomorphism that can be chosen to be arbitrarily close to the identity map. Clearly 
/ sends every simplex of T" to a rational simplex and therefore / sends every simplex of 
T' to a rational subcomplex of M . 

Let M be an open subset of a space Y and d a metric on Y . We can assume that the 
homeomorphism / : M — > M constructed above satisfies d{y,f{y)) < d{y,Y \ M) for 
every y G M. Then / extends to the homeomorphism g : Y — > Y such that g{y) — y 
if y ^ Y \ M and g{y) = /(y) if y G M. Now assume that R is a PL-presented subset 
of M and let i?i C -R2 C ■ ■ ■ C i?„ be closed subsets of M such that R = Rn, Ri is 
a PL-subcomplex of M and Ri+i \ -Rj is a PL-subcomplex of M \ Ri, i = 1, . . . , n — 1. 
Let us show that the identity map of Y can be arbitrarily closely approximated by a 
homeomorphism g : Y — ^ Y such that g{y) — y for every y & Y \ M, g{R) is a closed 
rationally presented subset of M and g restricted to M \ i? is a PL-homeomorphism to 
M \ g{R) sending P to a rational decomposition of M \ g{R) (note that the rational 
structure of M induces the corresponding rational structure on open subsets of M such 
that the inclusions are rational maps). 

Approximate the identity map of y by a homeomorphism gi : Y — > Y such that gi 
does not move the points of F \M, gi restricted to M is a PL-homeomorphism and gi{Ri) 
is a rational subcomplex of M . Approximate gi by a map g2 : Y — > Y such that g2 does 
not move the points of {Y\M)[Jgi[Ri) , g2 restricted to M\gi[Ri) is a PL-homeomorphism 
and g2{gi{R2 \ Ri)) is a rational subcomplex of M \ gi(Ri). Proceed by induction and 
construct for every i — 1,2, ... ,n — 1 an approximation of the identity map of y by a 
homeomorphism (yfj+i : Y — > Y such that such that gi^i does not move the points of 
{Y\M)U{giO ■ ■ ■ogi)[Ri), g^j^i restricted to M\((7jO - ■ ■ogi){^Rj) is a PL-homeomorphism 
and (s^i+i o • • • o g(i)(i?j_|_i \ R^) is a rational subcomplex of M \ (^fj o • • • o gi)(Ri). And 
finally construct gn with the additional property that g = gn°- ■ - ^gi sends to a rational 
decomposition ol M\g{R). Then g will have the required properties. 
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3 Proof of Theorem 1.2 



Let A he a, closed subset of a space X. A collection C of subsets X \ A is said to properly 
approach A if for every sequence Cj of elements of C such that there is a sequence of points 
Xj G Cj converging to a point a G A we have that linij^oo Cj = a (that is linij^oo Vj = Ci 
for every sequence {yj} with Uj G Cj). Note that if C properly approaches A then the 
closure in X of each C e C does not intersect A. Also note that if collections C and C of 
subsets oi X \A properly approach A then st(C, C) properly approaches A as well. 

Proposition 3.1 Let X be an n- dimensional Ndbeling space, let A be a Z-set in X and 
let C be a cover of X \A that properly approaches A. Then for every C & C there is an 
open set C (Z Vc d X\A such that the inclusion C <zVc induces the zero-homomorphism 
of the homotopy groups in dim <n — 1 and V = {Vc : C G C} properly approaches A. 

Proof. Fix a metric d on X such that d{x, y) < 1 for every x,y e X. If C G C is not a 
singleton denote dc — inf of diamG for open subsets G of X such that C C G and the 
inclusion C G G induces the zero-homomorphism of the homotopy groups in dim <n — l 
and if C G C is a singleton define dc = d{C, A). For every C G C fix an open set Gc such 
that diamCc < '^dc and the inclusion C C Gc induces the zero-homomorphism of the 
homotopy groups in dim <n — 1. 

Let U be an open cover oi X \ A which properly approaches A. Denote Cn — {C e 
C : 1/n + 1 < dc < ^/iT-}- Then the closure of the union of the elements of C„ docs not 
intersect A. For a given n approximate the identity map of X by a closed embedding 
Cn : X — > X such that en{X) G X \A and for C G C„, diam(en(Gc)) < diamGc + l/n, 
en{C) C st(C, W) and every map / : S'^ — > C from a p-dimensional sphere S^, p <n — l 
can be homotoped into e„(C) inside st(C, W). Denote Yc — st{C,U) Uen(Gc) for C G C„. 

Then the inclusion C C Yc induces the zero-homomorphism of the homotopy groups 
in dim <n — 1 and the cover {Yc : C & C} oi X\A properly approaches A. Enlarge the 
sets Yc to open sets Vc such that V = {Vc : C G C} properly approaches A. Then V has 
the required properties. □ 

Suppose that A is a closed subset of X and X \ A is embedded as a dense subset in 
M. Let us show that there is an open subset V oi M containing X\A for which there 
is a space Y such that X and V embed into Y such that Y — X \JV , X \ A — X r\V , 
A^Y\V and A is closed in Y. 

Embed X into a Hilbert space and let a metric d{x,y) = \x — y\ on X comes from a 
norm in H. For every x ^ X \ A define W{x) = {y E X : d{x,y) < d{x,A)/2} and let 
W = : X E X \ A}. Refine W by a locally finite open cover Q oi X \A. For every 

G E Q pick up a point xc ^ X\A such that G C W{xg) and observe that if x belongs 
to G G ^ then d{xG,A)/2 < d{x,A) < 2,d{xG,A)/2 and d{xG,x) < d{x,A). Extend each 
G G ^ to an open subset Vg of M such that G = (X \ A) n Vb and V = {Vg : G G G} is 
locally finite in \^ = UIVg : G E Q}. Let {fc : G G ^} be a partition of unity subordinated 
to V. Set pg = {xg, d{xG, A)) G x (0, oo) and define a map 4>v '■ V — > H x (0, oo) by 
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(pvix) = J^Geg fG{x)pG- Identify H with H x G H x [0, oo) and let U be an open cover 
of H X (0, oo) that properly approaches H. Approximate (py by a W-close embedding 
hv ■ V — > H X (0, oo) . Define a set Y as the free union of A and V. Then X is a subset 
of Y. Denote by the inclusion of A into H and define a function h : Y — > H x [0, oo) 
such that h\A = and h\V = hy. 

Let us show that h\X is an embedding of X into H x [0, oo). To show this we need to 
verify that for a sequence Xj in X \A and a G A, lirnxj = a if and only if lim hv{xj) — 
a. Since U properly approaches H, \imhv{xj) = a is equivalent to lim0y(xj) = a. 
For every G ^ Q containing xj we have that d{xj,A)/2 < d{xa.A) < 3d{xj, A)/2 
and d{xG,Xj) < d{xj,A). Then d{xj,A)/2 < J2g fG{xj)d{xc, A) < 3d{xj, A)/2 and 
\Yl,GfG{xj)xc ~ Xj\ < d{xj,A). Assume that \imxj = a. Then limd{xj,A) = 
and hence limj J2g fG{xj)d{xG, A) = and ii^jJ2GfG{xj)xG = limxj = a. Thus 
lim(f)v{xj) — a. Now assume lim0y(xj) = a. Then limjJ2GfG{xj)d{xG,^) — and 
lim^ fG{xj)xG = ci- This implies \imd{xj, A) = and limj ^g fG{xj)xG = liniXj = a. 
Thus we showed that h embeds X into H x [0, oo). Now we can transfer the topology of 
h{Y) to Y and get the required space. 

Let Mi be an Zj-co-connected triangulated manifold, i — 1,2 such that rrii > 2{mi — 
li) + 3 and rui — li — m2 — h for = dim Mj. Denote ki = li — 2 and n = rrii — U + 1. 
Then by Theorem 1.1, Mi{ki) is an n-dimensional Nobeling space. Assume that Xj and 
Ai satisfy the assumptions of Theorem 1.2, let / : Ai — > A2 be a homeomorphism and 
let Xi \ Ai be homeomorphic to Mi{ki). Identify Xi \ Ai with Mi{ki) and, by the property 
proved above, replace Mj by an open subset of Mj containing Mi{ki) and assume that Xi 
and Mi are subspaces of a space Yi such that Yi — X^UMj, Xi\Ai — XjHMj, Ai — Yi\Mi 
and Ai is closed in Yi. 

Let /i : Ci — > C2 be a one-to-one correspondence of between collections of subsets of 
Ml and M2 respectively. We say that 11 agrees with / : Ai — > A2 if for every sequence 
Cj,j = 1, 2, . . . of elements of Ci, Cj converge to a e Ai in Yi (as j — > 00) if and only 
//((7j) converge to /(a) in Y2. It is easy to check that if Ci and C2 properly approach Ai and 
A2 respectively, fi agrees with / and a collection C of subsets of Mi properly approaches 
Ai then /x(st(C,Ci)) properly approaches A2 where yU,(st(C,Ci)) = {/i(st(C, Ci)) : C G C} 
and /x(st(C,Ci)) = U{/x(C") : C" G Ci, C" n C 7^ 0}. 

Let M be a triangulated space. It follows from the interpretation of M(k) given in 
Introduction that if P is either a rational subcomplex or an open subset of a triangulated 
space M then P (1 M{k) = P{k) where P is considered with the rational structure for 
which the inclusion of P into M is a rational map (as a matter of fact this is true for 
every rational subspace P of M however we will not use this fact). 

The poof of Theorem 1.2 is based on 

Proposition 3.2 Let Mi, Ai, Xi,Yi, ki, li,mi and f be as above and let Vi be an li-co- 
connected rational partition of an open submanifold M[ of Mi such that Mi{ki) C M[, Vi 
has no non-empty intersections o/dim < li — 2 andVi properly approaches Ai. Then there 
are an open suhmanifold M'2 0/M2 and an l2-co-connected rational partition 0/M2 such 
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that M2{k,2) C Mg, V2 properly approaches A2 and V2 admits a matching fi : Vi — > V2 
which agrees with f : A\ — > A2. 

Let us show how Theorem 1.2 can be derived from Proposition 3.2. 
Proof of Theorem 1.2. Assume that theorem holds in dim < n — 1 and let us prove it 
in dim = n. Fix complete metrics on X\ and X2 and let e > 0. Take a locally finite cover 
C oi X\ \ A\ of meshC < e such that C properly approaches A\. Then one can find an 
open subset M{ of M\ such that M\{k\) C M[ and the closures in M( of the elements of 
C form a locally finite cover of M{. Now there is a rational triangulation of M{ such that 
the decomposition of M{ formed from the mi-dimensional simplexes of the triangulation 
properly approaches Ax and the diameter of the intersection of every mi-dimensional 
simplex with Mi(/ci) is < 2e with respect to the complete metric fixed in Xx. Define 
V\ as the stars of the vertices of this triangulation with respect to its first barycentric 
subdivision. Then V\ is a rational partition of M{ which properly approaches A\. Note 
that the intersections of V\ of dim < /i — 2 do not intersect M\{k\) and therefore by 
removing them from M( and from the elements of V\ we may assume that V\ has no non- 
empty intersections of dim < /i — 2. Note all the intersections of V\ remain contractible 
and hence V\ is /i-co-conncctcd. 

By Proposition 3.2 there are an open submanifold M2 of M2 and an /2-co-connected 
rational partition of M'^ such that M2{h2) C M2, V2 properly approaches A2 and V2 
admits a matching // : V\ — > V2 which agrees with j : Ax — > A2. 

We are going to construct homeomorphisms fp : P{ki) — > ^{P){k2) for all finite 
intersections P of Vi of dim < mi — 1 which will agree on the common intersections. Let 
t < mi — 1 and assume that for every finite intersection P of dim < t — 1 we already 
constructed fp. Take an intersection P of Vi such that dimP — t. By Theorem 1.1, 
P{ki) is a Nobeling space of dim <n — l. Note for the union P' of the intersections of 
Vi of dim < t that are contained in P, P' lies in dP and hence P'{ki) is a Z-set in P{ki). 
Define the homeomorphism /p/ : P'{ki) — > fi{P'){k2) by the homeomorphisms of the 
intersections forming P'. According to our assumption Theorem 1.2 holds in dim < n — 1. 
Therefore fp/ can be extended to a homeomorphism fp : P{ki) — > /i(P)(/c2). 

Recall that Vi and V2 properly approach Ai and A2 respectively and the matching // 
agrees with /. Then a homeomorphism extending / between Xi and X2 can be obtain 
by pasting homeomorphisms from P(fci) to fi{P){k2) for P G Vi which extend already 
defined homeomorphisms on intersections of Vi of dim < mi — 1. 

Fix P eVi and let P' be the union of the intersections of Vi of dim < mi — 1 that are 
contained in P. The homeomorphism fp/ : P'{ki) — > jji{P'){k2) is a homeomorphism of 
Z-subsets of P{ki) and fi{P){k2) respectively. Therefore we can repeat for P and /ti(P) the 
same procedure that we did for Mi and M2 but this time in the opposite direction from 
/x(P) to P first "splitting" /x(P) into small pieces and then defining the corresponding 
splitting of P. 

Thus going back and force we are able after each iteration to extend / to a partial 
homeomorphism of bigger and bigger parts of Xi and X2 and simultaneously to restrict 
for each point of Xi and X2 the set to which this point can be sent under a possible 
extension of /. Finally, passing to the limit and using the completeness of Xi and X2 we 
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get the desired homeomorphism. 



□ 



Proof of Proposition 3.2. The proof of the proposition sphts into two independent 
parts. 

Constructing an initial partition 1^2- Let Pq? • • • • P* be distinct elements of Vi and 
let P = Pq n ■ ■ ■ n P(. Denote by Ap a t-dimensional simplex with vertices Vq, . . . ,Vt and 
for a simplex A' C Ap denote by Va' the set of vertices of A'. A map ep : Ap — > M[ is 
called a map witnessing the intersection P if ep(Ap) C Int(Po U • • • U Pj), ep(vj) G IntPj 
and Pi does not intersect e(Ap) where Ap is the face of Ap spanned by the vertices 
{vo, . . . , Wt} \ {fi}, i = 0, . . . ,t. Note that if there is a map ep witnessing the intersec- 
tion P then P 7^ 0. Indeed, aiming at a contradiction assume that P = 0. Enlarge 
each e~^{Pi) to an open subset e~^(Pj) C Gj of Ap such that Gi does not meet Ap and 
Go n ■ ■ ■ n Gt = 0. Let /o, /i, . . . , /t be a partition of unity subordinated to the cover 
g = {Go, ...Gt} of Ap. Define / : Ap — . Ap by /(x) = foix)vo + ■■■ + ft{x)vt, x E Ap. 
Then /(Ap) C dAp and, for every i and x G Ap, f{x) G Ap. Hence / restricted to dAp 
is homotopic to the identity map of dA p and this contradicts the fact that dA p is not a 
retract of Ap. 

Assume that P is a non-empty intersection and let us show how to construct a map 
witnessing the intersection P. Let Pj C Ap be the star of Vi with respect to the first 
barycentric subdivision of Ap. For a simplex A' C Ap denote Ca' = n{Pj : Vi G Va'} C 
Ap, Pa' = n{Pi : Vi G Va'} C M[ and let Q = U{Ca' : A' C Ap, dim A' > i}. Note that 
Ca' is a singleton and Pa' = P for A' = Ap. Fix a point xp G IntP and let W be an open 
neighborhood of x in M[ such that Pa' fl 1^ is contractible for every A' C Ap. We will 
construct an embedding ep : Ap — > M[ such that ep(CA') C Pa' H for every A' C Ap 
and e(CA' \ Gi) C Int(PA' fl W) for every i and A' C Ap such that dim A' = i - 1. The 
map ep is constructed by induction on i = t, t — 1, . . . as follows. 

Set ep(CAp) = xp G Int(Pnl^) and assume that ep is already defined on Cj such that 
the required properties are satisfied. Then for an {i — l)-dimensional simplex A' C Ap, 
ep{Gi n Ca') C 9(Pa' n W) and, since Pa' fl 1^ is contractible, ep can be extended 
over Ca' such that ep(CA') C Pa' n and ep{G/^> \ Gi) C Int(PA' n W). This way 
we extend ep over Gi-i and the construction of ep is completed. Is is easy to see that 
ep witnesses the intersection P. Since Vi has no finite intersection of dim < li — 2, 
dimAp — t < mi — li + 1 — n. Then replacing ep by an approximation which also 
witnesses the intersection P we may assume that ep(Ap) C Mi(/ci). Note that taking W 
sufficiently close to xp we can construct ep such that the images of ep(Ap) for all finite 
intersections of Vi will form a discrete family in M[ . 

Fix a collection of maps ep with images contained in Mi{ki) and forming a discrete 
family in M[ that witnesses all the intersections of Vi. Extend / : Ai — )• A2 to a closed 
embedding gi : Xi — > X2 such that gi{Xi) is a Z-set in X2. Approximate the map 
gi~^\... '■ 9i{^i) — ^ ^1 by a closed embedding g2 : gi{Xi) — > Xi such that (?2 restricted 
to A2 coincides with /^^, g2{gi{Xi)) is a Z-set in Xi and for every finite intersection P of 
Vi the map g2 ° gi ° ep : Ap — > Xi\Ai = Mi{ki) C M[ also witnesses the intersection 



18 



p. Finally extend g2 to a closed embedding g : X2 — ^ Xi. 

Then one can find an open subset of M2 such that M2{k2) C and admits a 
rational triangulation T such that 1) T properly approaches A21 2) for every intersection 
P — Pq r\ ■ • • r\ Pt of distinct elements Pq, . . . ,Pt ol Vi and the map Qi o ep : Ap = 
[tiQ, • • • j"?^*] — ^ ^2(^2) C M2 every simplex of T intersecting (7i(ep(Ap)) does not inter- 
sect g^^{{M[ \ Int(Po U ■ ■ ■ U Pt)){ki)), every simplex of T intersecting g~^{Pi{ki)) does 
not intersect 5'i(ep(Ap)) and every simplex of T containing gi{ep{vi)) is contained in 
g^^{{hiiPi){ki)) and 3) for every finite intersections P and P' of Vi such that PnP' = 0, 
every simplex of T intersecting g~^{P{ki)) does not intersect g~^{P'{ki)). 

Let B be the partition of M2 formed by the stars of vertices of T with respect to 
the first baryccntric subdivision of T. Arrange the elements of Vi = {PI, P2, ■ ■ ■} into a 
sequence and define n{Pi) = the union of the elements of B that intersect g~^{Pl{ki)), 
/x(P2) ~ the union of the elements of B that intersect g~^{P2{ki)) but do not intersect 
g~^(P[(ki)), IJ.{PQ = the union of the elements of B that intersect g^^{P^{ki)) but do not 
intersect g-\P[{ki)) U g-^{P^{ki)) and so on. Denote V2 = {pL{Pi) , pl{P^) , ...}. By 2.2, 
7^2 is a partition of Mg. 

Then the property 2) guarantees that for every P G Vi, gi{ep{Ap)) C /^(-P) and 
therefore n{P) ^ and for every non-empty intersection P = Pq H ••• n Pt of distinct 
elements Pq, . . . P* G V\, the map (?i o ep witnesses the intersection of A*(Po), ■ ■ ■ , A*(-Pt) 
and therefore fJ^{Po) fl ■ ■ ■ fl fJ^{Pt) 7^ 0- The property 3) implies that we do not create 
additional intersections in V2 and hence /i : Vi — > V2 is a matching of partitions on M[ 
and M'2 respectively. From the property 1) we conclude that P2 properly approaches A2 
and n agrees with /. 

Improving connectivity of V2- Without loss of generality we may replace Mi and 
M2 by M[ and M2 respectively and assume that Mi = M[ and M2 = for the partition 
Vi and the initial partition V2- Let us show that using 2.10 we can modify P2 into the 
required Z2-co-connected rational partition. The construction of 2.10 is a combination of 
2.8 and 2.9, and 2.8 consists of 2.7 apphed finitely many times. Abusing the notation we 
always denote by M2, F and P2 the manifold, the PL-subcomplex of M2 and the decom- 
position of M2 which are the input of 2.7 and 2.9 (=the output the previous applications 
of 2.7 and 2.9) and by Mg, F' and V2 the output of 2.7 and 2.9 (=the modifications of 
M2, F and V2 that are obtained after applying 2.7 and 2.9), and we denote again by /x the 
correspondence /i : Vi — > V'2 which is the composition oi /i : Vi — > V2 with the natural 
one-to-one correspondence between P2 and its modification V2 (defined by sending each 
element of V2 to its modification). Thus we start with the initial partition partition V2 
that during 2.10 turns into a decomposition forming a partition on U = M2 \ F and, 
gradually reducing the dimension of P, V2 returns to be a partition at the end of 2.10. 
Recall that after applying 2.7 and 2.9 we always obtain an open subset of M2 such that 
R — M2 \ M2 is a PL- presented subset of M2 with dim R < n = 7712 — ^2 + 1 ^ ^2- By 2.11 
we can choose a homeomorphism of h : A2U M2 — > A2 U M2 such that h is arbitrarily close 
to the identity map, h{a) = a for a G A2, h{R) is a rationally presented closed subset of 
M2, h{F') is a rational subcomplex of /(-(Mg), h{V2) is a rational decomposition of h{M2) 
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and h restricted to M2 \ i? is a PL-homeomorphism to M2 \ h{R). Then replacing Mg, F' 
and V2 by /(.(Mg), h{F') and h{V2) respectively we can always assume that M2{k2) C Mg, 
F' is a rational subcomplex of M2 and P2 is a rational decomposition. Thus at the end 
of 2.10 we get that dimF' <n = m2-l2 + l< k2 and hence M2(/ci) C M2 \ F'. Now we 
can replace the final modification M2 of M2 by M2 \ F and get the required partition on 

It is easy to see that 2.7, 2.9 and 2.11 can be applied such that each element of V2 will 
intersect its modification. This implies that /i : Vi — > V2 will automatically agree with 
/ provided V2 properly approaches A2. Thus in order to get the partition required in 
Proposition 3.2 the only thing we need to take care of is to perform 2.7 and 2.9 preserving 
the property that the modification of V2 properly approach A2. 

Let us first analyze 2.7. We want to carry out 2.7 in such a way that the modification 
of V2 (the output of 2.7) will properly approach A2. Assume that V2 properly approaches 
A2. Enlarge st{V2, 'P2) to an open cover C of M2 such that C properly approaches A2 and 
st{V2,V2) refines C. By Proposition 3.1 there is an open cover V of M2{k2) such that V 
properly approaches A2, C\M2{k2) refines V and for every C E C there is Vc € V such 
that CP[M2{k2) C Vc and the inclusion CnM2(A;2) C Vc induces the zero-homomorphism 
of the homotopy groups in dim <n — l. Then W = st(V, C) is an open cover of M2 which 
properly approaches A2. Since every map from a space of dim < n to an open subset 
G of M2 can be homotoped inside G to a map into G fl M2{k2) we conclude that the 
inclusion G C st(Vc',C) G W induces the zero-homomorphism of the homotopy groups in 
dim < n — 1 for every G E C. Recall that st (7^2,^2) refines C. Then the construction 2.7 
can be carried out such that the output of 2.7 (the decomposition obtained after applying 
2.7) will refine st(Vy, W) and therefore will properly approach A2. 

Now we will analyze 2.9. Once again we assume that V2 properly approaches A2 and 
we want to carry out 2.9 in such a way that the modification of V2 (the output of 2.9) will 
properly approach A2 as well. The collection st{V2, V2) properly approaches A2. Since for 
P e P2, st(P, V2) is a union of elements of V2 we can naturally define the set //.~^(st(P, P2)) 
as the union of the corresponding elements of Vi- Then the collection ii~^{st{V2,'P2)) 
properly approaches Ai since agrees with /. By proposition 3.1 there is an open cover 
V of Mi{ki) such that V properly approaches Ai and for every P E V2 there is Vp G V 
such that the inclusion (/x~^(st(P, P2)))(fci) C Vp induces the zero-homomorphism of the 
homotopy groups in dim < n — 1. Denote Hp — st(Vp, /x^^(st('P2, P2))) and Ti — {Hp : 
P e 7?2} = st(V, //-i(st(P2, V2))). Clearly Vp C Hp, fJ,~\st{P, V2)) C Hp and H properly 
approaches Ai. Since /i~^(st(P, P2)) is a rational submanifold of Mi of dim = mi, every 
map from a space of dim < n into /i~^(st(P, P2)) can be homotoped inside /i~^(st(P, P2)) 
into (/i.~^(st(P, 'P2)){ki) and therefore the inclusion /x~^(st(P, V2)) C Hp induces the zero- 
homomorphism of the homotopy groups in dim < n — 1. Since each element Hp of 7i is a 
union of elements of Vi we can define Ijl{Hp) and Ijl{H) — {ijl{Hp) : P G 7^2}- Note that 
properly approaches A2 and st(7'2,7'2) refines fi(TC). 

Assume that P is a PL-subcomplex of M2 such that for U = M2\F the decomposition 
V2 forms on U an /-co-connected partition, / > I2 for which /j, : Vi — > V2 becomes a 
matching when V2 is restricted to U. Use the notation of 2.9 and let A be a simplex in 
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F that we need to absorb. Take an element P of V2 such that A G P. Then by 2.3 the 
inclusion st(P, 7-'2) HU G fJ^{Hp) fl U induces the zero-homomorphism of the homotopy 
groups in dim < m2 — l and therefore S/^ can be contracted to a point inside iJ,{Hp)r\U and 
even inside iJ>{Hp) HN because fJ>{Hp) n is a deformation retract of [x{Hp) fl U . Extend 
/i(7i) to an open cover W of M2 such that W properly approaches A2 and /i(7i) refines 
W. Then 2.9 can be carried out such that the modification of V2 will refine stClA^.W) 
and therefore it will properly approach A2. This completes the proof of the proposition. 
□ 

4 Appendix 

4.1 Extending partitions in the black hole modification 

We adopt the notations and the assumptions of 2.4. Recall that T can be represented as 
the product T = x S where S is identified with a x 5" for a point a in We 

consider B'^^^ and S as PL-embedded in Euclidean spaces. It induces the corresponding 
PL-cmbcding of T in the product of Euclidean spaces and we refer to these Euclidean 
spaces when properties of linearity are used, thus we say that a simplex is linear if it is 
a simplex (linearly spanned by its vertices) in the corresponding Euclidean space and a 
map of a linear simplex is linear if it is the linear extension of its values on the vertices. 

Denote by : T — > S and pb '■ T — > B'^'^^ the projections. Let 7^ be a triangulation 
of T such that the simplexes of Tp are linear, ps and pp restricted to every simplex of 
Tp are linear and Tp underlies S and the simplexes of T contained in T. Let 7^ be a 
subdivision of Tp such that the simplexes of 7^ are linear and for every simplex A of 7^, 
P5(A) is a subcomplex of S with respect to 7^. 

Denote by the (first) barycentric subdivision of and let Bp be the partition of 
T formed by the stars of the vertices of 7^ with respect to 7^'. Then Es = Bp\S i?, a, 
partition of S. For a non-empty finite intersection B of Bs which is the intersection of 
distinct elements Bq, . . . , Bt oi Bs let the vertex of 7^' be the barycenter of the simplex 
of 7^ spanned by the vertices contained in BqU • • • \J Bf. 

For a finite intersection B of Bs denote Kp = pg^{B), Np = pg^{dB) and Mp = 
KpndT. Note that Kp = Bi+^ xB^Np^ Bi+^ x dB, Mp = dBi+^ x B, dKp = NpUMp 
and NBnMB = dBi+^ n dB. 

Let us show that Vp restricted to Mb \ F and Vp restricted to DMb \ F are partitions. 
Assume that B & Bs (that is dimS = dim 5"). Note that Vp restricted to IntMs \ Fp is 
a partition. Take a point x G OMb and let A^^ be the smallest simplex of Tp containing 
X. Then Vb G P5(A^) and let y G A^ be such that Ps{y) = Vb- Let G be a neighborhood 
of X in OMb such that G is contained in the star of y with respect to Tp. Then {z, t) — > 
z{l - t) + ty, z e G,0 < t < 1 defines a PL-embedding of G x [0, 1) into Mp such that 
G X [0, 1) is a neighborhood of x in Mb and for every simplex A G 7^ we have that 
A n (G x [0, 1)) = (G n A) X [0, 1). Recall that Tp underhes Vp\dT and Fp n dT, and 
note that G x (0, 1) is an open subset of dT. Therefore Vp restricted to (G x (0, 1)) \ Fp 
is a partition. All these facts together imply by 2.2 that Vp restricted (G x [0, 1)) \ Fp 
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and Vl restricted to G \ Fl are partitions and hence Vl restricted to Mb \ Fl and Vl 
restricted to DMb \ Fl are partitions. 

Now assume that for a finite intersection B' e Bg we already showed that Vl restricted 
to Mb' \ Fl and Vl restricted to 9Af b' \ Fl are partitions and let i? be a finite intersection 
of Bs such that B C dB' and dimB + 1 = dimB' . Then replacing S by dB' and T by 
^g+i X dB' we can repeat the above reasoning to show that Vl restricted to Mb \ Fl 
and Vl restricted to OMb \ Fl are partitions. Thus we have shown that for every finite 
intersection of Bs, Vl restricted to Mb \ Fl and to BMb \ Fl are partitions. 

Let B be a non-empty finite intersection of Bs- Denote by V the set of vertices 
V of such that v ^ vb, v G dT and [wj^b] is a simplex of Tr[!. For each v & V 
choose a point v' lying on the interval connecting v and vb as follows. If v E S 

then set v' = v and note that in this case v' G dB. If v ^ S then choose v' such 
that if v' 7^ vb,v' ^ v and Ps{[v',v]) C IntB. For a simplex A of 7^^' spanned by 
vertices vb, Vi . . . ,Vk, with Vi. . . .Vk E V denote by A' the simplex spanned by the vertices 
Vb, v[, . . .v'f, and denote by Wb the union of all such simplexes A'. Then Wb is a PL-ball 
which is a closed neighborhood of in Mb such that Wb^S = MbCiS = B and for every 
X G OWb we have that the interval [f_B, x] is contained in Wb and [wb, a;] fl OWb = x. Let 
TTfi' : Wb \ Vb — dWs be the radial projection. Using a PL-homeomorphism represent 
Kb as Wb x [0, 1] such that Wb is identified with Wb x and extend tt^ to the radial 
projection ttb : Kb\vb = {Wb x [0, 1])\vb — ^ OKb \ IntWB = {OWb x [0, 1]) U {Wb x 1) 
{ttb is defined with respect to the linear structure of Wb x [0, 1] induced by the linear 
structures of Wb and [0, 1]). 

Let us show that Vl restricted Mb \ {Fl U Intiye) is a partition. Take x G OWb \ S. 
Then there are an open neighborhood G of a; in OWb \ S and e > such that G x [0, e) is 
embedded into Mb \ {S UIiAWb) by the map {z, t) — > z{l + t) — tvB, z E G such that for 
every simplex A of X^!, An (G x [0, e)) = (AnG) x [0, e). Recall that T^' underhes Vl and 
Fl restricted to dT and Vl restricted to Mb \ Fl and to OMb \ Fl are partitions. Since 
G X (0, e) is an open subset of Mb, Vl restricted to (G x (0, e)) \ is a partition and 
therefore by, 2.2, Vl restricted to G\ Fj, is a partition. Then, again by 2.2, T'l restricted 
to (G X [0, e)) \ Ff, is a partition and hence Vl restricted Mb \ {Fl U IntW^) is a partition 
(recall that S C Fl). 

For every A E A and every finite intersection B of Bs define sets and A^^ as 
follows. For S = set A® = A if ^ n T = and A® = A U ,5 if A n T 7^ 0, and 
for dimB — set A^^ = A'^. Now by induction on dimB define A^ and A^^ so that 
A^ = A^^ U ttb^A^^ n {OKb \ IiAWb)) for dimS > and A^^ = [J{A^' : B' C dB} for 
dimB > 1. Clearly A^ and A^^ are PL-subcomplexes of M. Note that if ^InT = then 

From the construction of Wb and ttb it follows that for every simplex A G 7J in- 
tersecting Wb we have vr^^(A n dWs) \ S ^ (An Wb) \ S. Then it is easy to see 
that S^^ = = S, {A^^ n Mb) \ 5 = {A^ n Mb) \ S = {A D Mb) \ S and hence 
(A^i nA^'')\S = A^^^^^ \ S, {Af n ) \ 5 = (^1 n \ S for every A, Ai, A^ E A 
and finite intersections B,Bi,B2 of Bs. 

Denote 7^^ = {P^ : P G Vl} and V^^ = {P^^ : P E Vl}- Recall that S C Fl- 
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Let us show by induction on dim B that restricted to Kb \ and V^^ restricted to 
Nb \ are partitions. 

For dimS = 0, Nb — and therefore V^^ restricted to Nb \ F^^ is vacuously a 
partition. Let i? be a finite intersection of Bs such that V^^ restricted to A^^ \ F^^ is 
a partition. Denote Rb = OKb \ Intl^^. From the construction of tt^ it follows that 
Kb \ Vb is PL-homcmorphic to Rb x [0, 1) such that Rb corresponds to Rb x 0, 
restricted to Kb \ vb corresponds to the decomposition {V^^\Rb) x [0, 1) of Rb x [0, 1) 
and (Ff n Kb) \ vb corresponds to (Ff^ n Rb) x [0, 1). Note that Ff^ n Mb = Fl n Ms 
and V^^ restricted to Mb \ S coincides with Vl restricted Mb \ S and recall that Vl 
restricted to OMbXFl and M^ \ (F/, UlntVF/j) arc partitions. Then, by 2.2, V^^ restricted 
to Rb \ FI^ is a partition and therefore restricted to Kb \ F^ is also a partition. 

Now assume i? is a finite intersection of Bs such that dim i? > and for every finite 
intersection B' of Bs such that B' C dB we have that V^' restricted to Kb' \ F^' is 
a partition. Then, by 2.2. V^^ is a partition on Nb \ F^^ since {Kb' : -B' is a finite 
intersection of Bs such that B' C dB} is a partition of A^^- The induction is completed. 

Thus we have shown that restricted to Kb \ F^ is a partition for every finite 
intersection B oi Bs- For A e ^ denote A"" = iJ{A^ : B e Bs] asid define VI = {P'' : 
P eVl}- Note that Ff = KbDFI and VI restricted to Kb coincides with V^. Then, by 
2.2, VI is a partition on T\Fl since {Kb : B is & finite intersection of Bs} is a partition 
of T. It is obvious that VI restricted to L \ S coincides with Vl restricted to L \ S and 
therefore VJ^ is a decomposition of M which is a partition on M \ F£. 

Now let us show that for Ai,A2 G A, {Ai \ A2) \ 5 is a strong deformation retract of 
{A^\A2)\S. To this end it is enough to show that for every finite intersection B oi Bs, 
(C( \ C^) \ 5 is a strong deformation retract of (Ci \ C2) \ 5 where C'^ = Af^ D OKb and 
Ci = Af n Kb- From the construction it follows that (Ci \ C2) \ S can be topologically 
represented as C'x [0, 1) with C = (C(\C^) \(5UlntW^B) such that (C;\C^)\5 is identified 
with {C X 0) U ((C n OWb) X [0, 1)). Note that C is a space admitting a triangulation 
for which C D dWs is a subcomplex of C and therefore (C x 0) U ((C n OWb) x [0, 1)) 
is a strong deformation retract of C" x [0, 1). 

Let A G 7r be contained in dT. Since ps is linear on A and Ps{^) is a subcomplex of 
7J we can conclude that dim A fl Mb < dim A + dim B — dim S every finite intersection 
B of Bs- Then, since dim A^ \S < dim(A n Mb) \ 5 + 1 for dimB = and dim A^ \ 
S < dim A^^ \ 5 + 1 for dimS > 0, we get that dim A'^ \S < dim A \ S + 1. Thus 
dim(A'^ r)T)\S < dim(A ndT)\S + l for every A e A. 

The remaining properties required in 2.4 are easy to verify. 

4.2 Digging holes for improving connectivity of an intersection 

Let M be a triangulated m-dimensional manifold, F a PL-subcomplex of M and V a 
decomposition of M which is a partition on M \ F. Assume that M is {q — l)-connected, 
m > 2g + 1 and let S'^^^ C IntM \ F be a PL-embedded g-dimensional sphere so that V 
restricted to S*^'^ is a partition and for every finite intersection P' of V with P'nS'^~^ 7^ 0, 
S^-^nP' is properly embedded in P'\F (that is Si-^nd{P'\F) = d{Si-^nP'). Extend the 
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embedding of 5« to a PL-embedding of BJ^ = x BJ^-'i C IntM such that 5^"^ = 95« 
bounds a cube B'^ C i?^ where i?^ and i?"*^? are identified with i?^ x O C i?™ and 

X c BJ^. 

Fix a triangulation T of M which is the 2-nd bary centric subdivision of a tringulation 
that underhes S*^"^, F and V. By a simphcial neighborhood of A C M in a subcomplex 
X of M wc mean the union of the simpUxcs of T intersecting A and contained in X. 
We may assume that T is chosen so that the simplicial neighborhood of S'^~^ in M is 
contained in B^. For every finite intersection P' of V that meets S'^~^ denote by Gpi the 
simphcial neighborhood of P' n S'^'^ in P' . Note that Gpn = Gp> n P" if P" C P'. Gp' 
is a regular neighborhood of P' fl S*^^^ in P' \ P and P' fl 5"^"^ is locally flat in P' \ F 
because dim P' — dim P' fl S'^^^ = m — (q — 1) > q + 2. 

For a block bundle ^ over a cell complex X, written ^/X, denote by the cells of X, 
by the blocks of the total space E{^) and by (cr^, /?^) the pairs such that is the block 
over (jj, see [6]. We say that ^ underlies Y C -£'(0 if ^ is a union of blocks of ^ and ^ 
underlies a collection y of subsets of P(0 if underlies each Y ^ y. 

For every finite intersection P' of P that meets S*^"^ we arc going to construct by 
induction on dimP'flS''^"^ a block bundle ^pi over P' nS'^~^ such that P({p') = Gp' and 
^p/|P"n5«-^ = ^P" if P" C P'. Obviously such a block bundle exists if dimP'n,S«-^ = 0. 
Assume that for a finite intersection P' of P a block bundle ^p" is already constructed 
for every finite intersection P" of V such that P" C P' and P" ^ P'. Then ^p" define the 
correponding block bundle C,dP' over (9(P' fl 5"^^^) and by Theorem 4.3 of [6] this block 
bundle extends to a block bundle ^p/ over P' such that P(Cp') = Gpi. 

Thus we have constructed block bundles ^p/ for every finite intersection P' of V that 
meets S""^"^ and these block bundles define the corresponding block bundle ^ over S'^~^. 

Let B^~'^ be a cube in P'""^. Fix e = 1/2 and for each cell of 5*^^^ define the 
pair {(Trj,(3r]) with cr^ = and = 7^ x P™~^ where 7^ = : a; = ts, 1 — e < t < 

1 + e, s e cr^} C P*^. Then the pairs (cr^,/??,) form a block bundle ?] over S''~^ such that 
P(?7) underlies a regular neighborhood of S'^~^ in R^. Hence by Theorem 4.4 of [6] there 
is a PL-homeomorphism of realizing an isomorphism of ^ and 77. Let e : B"^ — > M 
be the composition of such PL-homcomorphism with the original embedding of in M. 
Then replacing the original embedding of B"^ into M by the embedding e we may assume 
that ^ coincides with rj. 

Fix a triangulation Tr of B^ such that the simplexes of Tr are linear in BJ^ and Tr 
underlies VlB"", Ff\B!^ and BfxB'['~'^ where Bf = (l+e)5«. Let p : B"" ^ BixB'^-i — > 
jim-q ^Yie projection and let a G IntP™^^ be such that a ^ p(A) for every A G 7r 
with dimp(A) < m — q and a ^ dp{A) for every A G Tr with dimp(A) = m — q. 
Take a cube Pj*^^^ such that a -|- P™^'^ C IntP™^'' and a + P™^^ C Intp(A) for every 
A G 7r such that A n (P? x a) 0. Then the pairs (cr^-, pr) with = (P? x a) n A and 

— {Bf X {a + P^~^)) n A, A G 7^ form a block bundle r over Bf x a and we assume 
that B^-" is so small that P(r) = P^ x (a + P^"'') and P(r|9P?) = ^P? x (a + P^"^)- 

By Theorem 1.1 of [6] every block bundle over a cube is trivial. Hence r is isomorphic to 
a trivial block bundle 6 over Bf, that is there is a PL-homeomorphism h : P(5) — >^ ^i^) 
where P((5) is the product E{6) = P? x P^"^ c P"^ of Pf with a cube P^~* in P"^-« 
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such that h{x) = (x, a) for every x G Bf, {as- Ps) is a pair of 6 if and only if {h{as), h{l3s)) 
is a pair of r and, for every pair {as, Ps) of 6, ps = <^s >^ B^~'^ . 

Identify Bl x 5^"* with x and let be a cube lying in IntSf-^. 

Then from the construction it follows that 

(*) P' n {Bl X Int5™-«) = {P' n Sf) X IntS™-^ for every P' e :P and F n {Bl x 
Int^^"'') = (F n B?) X Intfi^-". 

From the construction it also follows that V restricted to the sets \niBl \ Inti?'', dB'^ 
and B'^\F are partitions. Hence by (*) and 2.2, V restricted to the sets (IntS? \IntS^) x 
IntS^"'', {Bl \F) X (IntE^""^ \ IntS™""), dB'^ x (IntS^~^ \ Intfi™-"), dB'^ x dB"'-i, 
dB'^ X and {B'^ \F) x dB'^~'^ are partitions. Then, once again by 2.2, V restricted 

to lnt{Bl X 5""'^) \ (F U (lnt(5« x 5™-^))) and d{Bi x S™"?) \ F are partitions. 

Denote B"" = B'i x E"""^. Thus we get that 

(**) V restricted to M \ (F U IntS"*) and dB"^ \ F are partitions. 

Let P' be a finite intersection of V. Let us show that 

(***) F' \ (F U Intfi™) is a deformation retract of F' \ (F U lntF«). 

Note the following general fact: for a triangulated space Ai, a subcomplex A2 of 
Ai and a cube B the space (A2 x F) U {Ai x dB) is a strong deformation retract of 
{A2 X F) U (Ai X (F \ O)) . Then for Ai = (F' n F?) \ F and ^2 = F' n ^F? we have by (*) 
that F"*n(F'\(FUlntF™)) = (A2 x F"^-«) U (Ai x SF"'-^) and F™n(F'\(FUlntF«)) = 
{A2 X B""-") U {Ai X {B""-" \ O)). Thus F™ n (F' \ (F U IntF™)) is a strong deformation 
retract of F™ n (F' \ (F U lntF«)) and hence (***) holds. 

Now let us compare the embedding of S'^~^ = dB'^ into M under h with the embedding 
of S'^~^ under e (which coincides with the original embedding of 5"^"^ into M). One can 
easily observe that there is a PL-homeomorphism ip : M — * M such that ip o hlS"^'^ — 
e\S'^^^, ip docs not move the points outside E{r]), ip{P') = P' and for every F' G V. Since 
ip does not move the points outside E{ri) we have that ip{F) = F. Then replacing the 
embedding of Bl x F™^'^ into M by its composition with ijj we preserve the properties 
(*), (**) and (***) and obtain that the embedding of S'^"^ coincides with the original 
embedding of S*^^^. 

Thus we can extend the original embedding of S'^~^ to a PL-embedding of F™ = 
Bl X F™~« such that V restricted to SF™ \ F and M \ (IntF™ U F) are partitions, 
59-1 = dBi, F n F"^ = (F n F«) X B'^-i, P' n F™ = (F' n F«) X F™-'' for every F' G F 
and F'\(FUlntF"^) is a deformation retract of F'\(FUlntF*) for every finite intersection 
F' of V. It is clear that F"* C F"* C IntM. 

Note that if S'^~^ can be contracted to a point in an open subset 1^ of M then we 
may assume that F"* is contained in W. 

4.3 Digging holes for absorbing simplexes 

We adopt the notations and assumptions of 2.9. Recall that T is the 2-nd barycentric 
subdivision of some triangulation 7^ of M underlying V and consider M as embedded in 
a Hilbert space by an embedding which is linear on every simplex of Tq. 
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Fix A G TiT and let S'^-^ = Sa be the link of A with respect to T, S""-^ = d{A * Sa) 
and b the barycenter of A. 

Let us show that V restricted to N, S"^"^ \ dA and (A * Sa) \ A are partitions. For a 
point X G S"^~^\dA choose an e > and a neighborhood G of a; in S"^~^\dA such that the 
map {z, t) — > z+tb, z E G,t E (— e, e) embeds Gx (— e, e) into M\F and for every simplex 
A' ofTo that intersects G'x(-e,e) we have that A'n(G'x(-e,e)) = (A'flG) x (-e, e). Then 
for every P eV that intersects Gx (— e, e) we have that Pn(Gx (— e, e)) = (PflG) x(— e, e). 
Therefore, by 2.2, V restricted to G, G x (— e, 0] and G x [0, e) are partitions and hence 
V restricted to S"^'^ \ dA, (A * Sa) \ A and N are partitions as well. 

Denote by Ta the collection of the simplexes of T intersecting S'^~^ and containing 
A. Let T' be the second baryccntric subdivision of T. For every A' G 7a denote by 
Ga' the simplicial neighborhood of A' n S'^~^ in A' fl 5*™"^ with respect to T'. In a way 
similar to constructing ^p/ in 4.2 we construct for every A' G 7a a block bundle ^a' over 
A' n 5'?-! such that E{U') = Ga' and {a'|(A" n S""-^) = if A" C A'. Then the 
block bundles ,^a' define the corresponding block bundle ^ over 5^"^ with E{^) being the 
simplicial neighborhood of S'^~^ in S"^~^ with respect to T'. Note that E{^) is a regular 
neighborhood of S'^~^ in dN. 

Extend the embedding of S'^"^ in to a PL-embedding of a g'-dimensional cube Bf 
into N such that S'^''^ = dBf and BfndN ^ S'^'^ and note that the embedding of Bf is 
locally flat because m > 2g + l. Extend the regular neighborhood E{C,) of 5*^^^ in dN to a 
regular neighborhood of Bf in N and by Theorem 4.3 of [6] represent this neighborhood as 
the total space E{i>) of a block bundle over Bf such that i'\S'^~^ = ^. Since z/ is a trivial 
block bundle, E{i') is PL-homeomorphic to the product E{u) = Bf x B^~'^ of Bl with 
an (m — g')-dimensional cube such that for each pair ((jj,, (5v) of z/, P^, — x B^~'^ . 

Fix a triangulation Ty of E{v) which underlies T restricted to E{v). In a way similar 
to constructing the block bundle r in 4.2 choose a point a in 5™^^ and a cube B^~'^ 
such that a + B2'' '' C Int-B™^'^ and the pairs (cTt-,/?,-) defined by cTt- = A' fl {Bf x a), 
Pr^ A'n {Bf X (a + B^-")), A' e% form a block bundle r over x a with £;(t) = 
Blx{a + B^-'') and £;(r|9(S? x a)) = £;(r) n x (a + S^-^))(= £;(t) n,5"*-i). Then 
the block bundle r underlies V and 7a restricted to E{t). 

Note that since the block bundle u is trivial, the block bundle ^ is trivial as well and 
E[^) = dBf X B^^'^. Then it is obvious that the projection dBf x a — > dBl extends to a 
PL-homeomorphism h : E{^) — ^ E{^) such that h{x) = x for every x G dE{^), h{/3^) — 

for every block of ^ and there is a PL-isotopy H : E{^) x [0, 1] — ^ E{^) x [0, 1] 
relative to dE{^) so that Hq = h. Recall that the barycenter of A is denoted by b. Then, 
since OA fl E{^) = there is e > such that for every x G E{^), P eV and t G [0, 1] the 
point b+{l + te){x — b) belongs to P if and only if x belongs to P. Embed E{^) x [0, 1] into 
N by sending (x, t) to 6+ (1 + te){x — b) and define the PL-homeomorphism g : N — )• N 
such that g coincides with H on E{^) x [0, 1] and g does not move the points outside 
E{^) X [0, 1]. From the properties described above it is clear that g{d{Bi x a)) = dBf and 
the block bundle g{T) underlies V and 7a restricted to E{g{T)). Denote B2 = g{Bl x a) 
and 9 = gir). 

Thus we get a block bundle 6 over a cube Bl such that S"^'^ — dBl — dN fl S|, 
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e underlies V and Ta restricted to E{e) and E{e\dBl) = S""-^ n E{9). Then, since 
e is trivial, E{e) is PL-homemorphic to 5| x B^~'' such that ^A^ n (5| x Eg""'^) = 
9S| X B^-" c and for each pair (a^, of 9, Pe ^ (Te x B^"^. Take a cube 
such that B^~'^ C Int-B™"'' and define the block bundle p over by restricting the 
blocks of 6 to -E'(p) = i?| x B^~'^. Using the reasoning similar to the one applied for 
proving the property (**) in 4.2 we can show that V restricted N \ (i?! X Int5^~'^) and 
d{{A * S'a) U (5| X 54'"")) \ dA are partitions. It is clear that E{p) C IntM. 

Take a pair (cr^, of p such that dim — m and let Pa £ 'P be such that C Pa- 
Since p is a trivial block bundle we can replace p by another block bundle subdividing 
the cells of B2 into smaller cells and defining the corresponding blocks using the product 
structure. This way we may assume that cells of i?! so small that the pair {crfiPf) 
can be chosen so that C IntPA- 

Let the cube Pf C A * 5'a be the join B^ — b * Sa- Define a block bundle t/j over Pf 
as follows: the pairs (a^, of p with dp C 5^"^ are pairs of tp, {h, A) is a pair of ip and 
the rest of the pairs (o"^, P^) oi ip are of the form o"^ = A' fl Pf, = A', A' G 7a. One 
can easily check that ip is indeed a block bundle and P('i/') = A * S'a- Since ip and p over 
S'^~^ coincide, they form the corresponding block bundle over the sphere P3 UPl- Note 
that P* = (Pf U P3) \ Inta^ is a g-dimensional cube. Define the block bundle rj as tp 
restricted to P«. Then (6, A) is a pair of ry, 6 e IntP«, 9P« = ^a^, E{r]\dBi) C MPa, r/ 
underlies V restricted to E^r]), E{rj){~\F = A and hence 77 underlies P restricted to E{ri). 

Thus assuming that the center O of P'^ is located at b we can represent E{ri) as the 
product B"" = Bix P™"'' such that A = x P'"-^ = P n P"^, aP« x P™'*? C IntPA and 
P n P"" = (P n P«) X B"'-i for every P e that meets B"". By the reasoning similar 
to the one apphed to the proof of (***) in 4.2 these properties imply that for every finite 
intersection P of V, P \{F U IntP™) is a deformation retract of P \ (P U IntP^). Since 
P™ = (A * Sa) U {{BS, \ Inta^) x Pf and p^ = x Pf is contained in IntPA we 
derive from the properties of p that V restricted to M \ (P U IntP™) and 9P™ \ P are 
partitions and P"" C IntM. 

Note that if S'^"^ can be contracted to a point in an open subset W of N then the 
construction can be carried out such that P"* is contained in (A * Sa) U W. 
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